LOCAL HIGHER INTEGRABILITY FOR PARABOLIC 
QUASIMINIMIZERS IN METRIC SPACES 
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Abstract. Using variational methods, we prove local higher integrabil- 
ity for the minimal p-weak upper gradients of parabolic quasiminimizers 
in metric measure spaces. We assume the measure to be doubling and 
the underlying space to be such that a weak (1, 2)-Poincare inequality 
is supported. 



1. Introduction 

In the Euclidean setting, finding a solution to the p-parabolic partial 
differential equation in x (0, T), 

(i.i) _^ +diV (| Vu r 2 v U ) = o, 

can be formulated into an equivalent variational problem, which is to find a 
function u, such that with K = 1 we have 



p I u—dxdt+ I \Vu\ p dxdt 

(1.2) 



WO} dt j {(j> ^ } 



<K [ \Vu + V0\ p dxdt, 



'Wo} 

for every compactly supported <fr € C^°(Q x (0,T)). Here f2 C M. d denotes 
a domain. A generalization of this variational problem is to consider (|1.2p 
with the weakened assumption K > 1. The function u is then called a 
parabolic iT-quasiminimizer related to (ll.ip . When p = 2, equation is 
the classical heat equation. 

Our main result is to show that a parabolic quasiminimizer u in a doubling 
metric measure space has the following higher integrability property: The 
upper gradient [HK98J of u is locally integrable to a slightly higher power 
than is initially assumed (Theorem I4.2p . Although being local, the estimate 
we obtain is scale and place invariant inside the set. 

As a first step for examining higher regularity of quasiminimizers in metric 
measure spaces, we only treat the simplest case p = 2, and so the quasimin- 
imizers in this paper are related to the heat equation. Assuming a weak 
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(1, 2)-Poincare inequality and a doubling measure, starting from the defini- 
tion of quasiminimizers we prove an energy type estimate and a Caccioppoli 
type inequality for u. Then using these and Sobolev-Poincare's inequality 
we show a reverse Holder inequality, from which higher integr ability follows. 

The novelty of this paper is that we prove our results in the general metric 
measure space setting, using a purely variational approach. No reference is 
made to the explicit scaling properties of the measure, or on assumptions 
that the measure is translation invariant. Instead we rely on taking inte- 
gral averages and on the assumption that the measure is doubling. Also, 
no reference is made to the equation, as the local notion of a weak solu- 
tion is replaced by quasiminimizers, which are in general known to not be 
uniquely determined by the quasiminimizing property. The variational na- 
ture of quasiminimizers opens up the possibility to substitute gradients by 
upper gradients, which do not require the existence of partial derivatives on 
the underlying space. This way, the theory of parabolic PDEs is extended 
to metric measure spaces. 

Methods established in the general metric space setting can be expected 
to be robust and of fundamental nature, in the sense that they are largely 
independent of the geometry of the underlying measure space. In connec- 
tion with this, it is worth noting that already in the Euclidean case, an 
open question is to show that a weak solution to the doubly non-linear 
partial differential equations is locally higher integrable. For p = 2, the K- 
quasiminimizer related to the doubly non-linear partial differential equation 
coincides with the one used in this paper. 

In the elliptic case quasiminimizers have been extensively investigated. 
Originally, quasiminimizers were introduced in the elliptic setting by Gi- 
aquinta and Giusti [GG82, GG84 as a tool for a unified treatment of vari- 
ational integrals, elliptic equations and systems, and quasiregular mappings 
in M. d . Giaquinta and Giusti realized that De Giorgi's method [DG57] could 
be extended to quasiminimizers, and they showed, in particular, that elliptic 
quasiminimizers are locally Holder continuous. DiBenedetto and Trudinger 
[DT84] proved the Harnack inequality for quasiminimizers. As mentioned, 
unlike partial differential equations, quasiminimizers are a purely variational 
notion, and so Kinnunen and Shanmugalingam [KSOlJ were able to extend 
these regularity results for elliptic quasiminimizers into the general metric 
setting by using upper gradients. 

In comparison to the elliptic case, already in the Euclidean case the liter- 
ature available for parabolic quasiminimizers is relatively limited. Following 
Giaquinta and Giusti, Wieser [Wie87j generalized the notion of quasimin- 
imizers to the parabolic setting in Euclidean spaces. Parabolic quasimini- 
mizers have also been studied by Zhou jZho93l |Zho94j , Gianazza and Vespri 
|GV06| . Marchi [Mar94j and Wang [Wang]. Recently, also the notions of 
parabolic quasiminimizers has been extended and studied in metric spaces 
[KMMP] . pST2] . 
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Higher integrability results were introduced in the parabolic setting by 
Giaquinta and Struwe [GS] . when they proved reverse Holder inequalities 
and local higher integrability in the case p = 2, for weak solutions of para- 
bolic second order p-growth systems. Kinnunen and Lewis [KLOO] extended 
this local result to the general degenerate and singular case p ^ 2. Recently, 
several authors have worked in the parabolic setting on questions concern- 
ing local and global higher integrability and reverse Holder inequalities, see 
[MiM] . [AM07] . |Bog08i|B5g09l , |Par09al [Pa7n9b] , [BPlOj, [BDMll| , |Fug 



and in particular for quasiminimizers see [Par08j and [Hab| . 

2. Preliminaries 

2.1. Doubling measure. Let X = (X,d,p) be a complete metric space 
endowed with a metric d and a positive complete doubling Borel measure p 
which supports a weak (1, 2)-Poincare inequality. 

The measure p is called doubling if there exists a constant > 1, such 
that for all balls B = B(xq, r) := {x £ X : d(x, Xo) < r} in X, 

p(2B) < Cpp(B), 

where XB = B(xq, Xr). 

By iterating the doubling condition, it follows with s = log 2 c p and C = 
c~ 2 that 

(21) KB(z,r)) rr 

for all balls B{y,R) C X, z G B{y,R) and < r < R < oo. However, here 
c M does not have to be optimal. From now on we fix > 1 and so s > 0. 

2.2. Notation. Next we introduce more notation used throughout this pa- 
per. Given any zq = (xo, to) £ X x R and p > 0, let 

Bp(xo) = {x G X : d(x,x ) < p}, 

denote an open ball in X, and let 

1 2 1 
2 P ' t0+ 2' 

denote an open interval in R. A space-time cylinder in X x R is denoted by 

Q p (z ) = B p (x ) x Ap(i ), 

so that v{Q p {zq)) = p(B p (xq)) p 2 . When no confusion arises, we shall omit 
the reference points and write briefly B p , A p and Q p . We denote the product 
measure by dv = dpdt. The integral average of u is denoted by 

(2.2) UB (t)=f u(x,t)dp = —— / u(x,t)dp 

Jb H{Bp) J Bo 



Ap(io) = (to ~ ttP 2 > k + -p 2 ), 



and 

1 f 
udv = / u dv. 

iq p nQp) Jq p 
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Let fi C X be a domain, and let < T < oo. We denote Qt = Ox (0,T). 

2.3. Upper gradients. Following [HK98J, a non-negative Borel measurable 
function g : £1 — > [0, oo] is said to be an upper gradient of a function u : £1 — > 
[— oo, oo] in if for all compact rectifiable paths 7 joining x and y in we 
have 

(2.3) \u(x)-u(y)\ < [ gds. 

In case u{x) = u(y) = 00 or u{x) = u{y) = —00, the left side is defined to 
be 00. Assume 1 < p < 00. The p- modulus of a family of paths T in is 
defined to be 



inf / (F dp,, 
p Jn 

where the infimum is taken over all non-negative Borel measurable functions 
p such that for all rectifiable paths 7 which belong to T, we have 

pds > 1. 

7 

A property is said to hold for p-almost all paths, if the set of non-constant 
paths for which the property fails is of zero p- modulus. Following [KM98, 
ShaOOj, if (|2.3p holds for p-almost all paths 7 in fi, then g is said to be a 
p-we&k upper gradient of u. 

When 1 < p < 00 and u 6 L P (Q), it can be shown [Sha01[ Hajl| that there 



exists a minimal p-weak upper gradient of u, we denote it by g u , in the sense 
that g u is a p-weak upper gradient of u and for every p-weak upper gradient 
g of u it holds g u < g //-almost everywhere in Q. Moreover, if v = u p- almost 
everywhere in a Borel set A C 0,, then g v = g u //-almost everywhere in A. 
Also, if u, v S L P (Q), then //-almost everywhere in O, we have 

9u+v < 9u + 9v, 
9uv < \u\g v + \v\g u . 

Proofs for these properties and more on upper gradients in metric spaces can 
be found for example in [BBllj and the references therein. See also |Che99] 
for a discussion on upper gradients. 

2.4. Newtonian spaces. Following [ShaOO], for 1 < p < 00, and u £ 
L p (fi), we define 



u 



Ilp(Q) + IISuIIlp^)) 



and 

N 1 ^^) = {u : |M|i )P> n < 00}. 
An equivalence relation in A rl ' p ($7) is defined by saying that u ~ v if 

ll n — u lljv 1 .p(n) = ®' 
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The Newtonian space N 1,p (£l) is defined to be the space N l ' p (Q)/ ~, with 
the norm 

ll u l|jv 1 .p(n) = 

A function u belongs to the local Newtonian space JV"jj£(fi) if it belongs 
to N 1,P (Q,') for every Q,' CC The Newtonian space with zero boundary 
values is defined as 

Nq P (Q) = { u\ a : u G N l > p {X), u = in X \ }. 

In practice this means that a function belongs to Nq P (£1) if and only its zero 
extension to X \ Q belongs to iV 1,p (X). For more properties of Newtonian 
spaces, see [HeiOH IShaOnl IBBllj . 

2.5. Poincare's and Sobolev's inequality. For 1 < q < oo, 1 < p < oo, 

the measure fi is said to support a weak (g,p)-Poincare inequality if there 
exist constants cp > and A > 1 such that 

(2-4) (-f \v-v Bp[x) \Uf)\ <c P p(-f g p d^ , 
\Jb p (x) J \Jb Xp (x) J 

for every v £ N 1,P (X) and B p {x) C X. In case A = 1, we say a (q,p)- 
Poincare inequality is in force. In a general metric measure space setting, 
it is of interest to have assumptions which are invariant under bi-Lipschitz 
mappings. The weak (g, p)-Poincare inequality has this quality. 

For a metric space X equipped with a doubling measure /i, it is a result 
by Hajlasz and Koskela [HK95J that the following Sobolev inequality holds: 
If X supports a weak (l,p)-Poincare inequality for some 1 < p < oo, then 
X also supports a weak («;,p)-Poincare inequality, where 

1 2p, otherwise, 
possibly with different constants c' p > and A' > 1. 

Remark 2.1. It is a recent result by Keith and Zhong [KZ08J, that when 
1 < p < oo and (X, d) is a complete metric space with doubling measure /i, 
the weak (l,p)-Poincare inequality implies a weak (1, q)-Poincare inequality 
for some 1 < q < p. Then by the above discussion, X also supports a 
weak (k, q)-Poincare inequality with some k > q. By Holder's inequality, 
the left hand side of the weak (k, g)-Poincare inequality can be estimated 
from below by replacing k with any positive k' < k. Hence we conclude, 
that if X supports a weak (l,p)-Poincare inequality with 1 < p < oo, then 
X also supports a weak (q, g)-Poincare inequality with some 1 < q < p. 
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2.6. Parabolic Newtonian spaces. For 1 < p < oo, we say that 

u G L p (0,T;JV 1 ' p (O)) 1 

if the function x i— > u(x,t) belongs to N 1,P (Q) for almost every < t < T, 
and u(x,t) is measurable as a mapping from (0,T) to N 1,p (£l), that is, 
the preimage on (0, T) for any given open set in N 1,P (Q) is measurable. 
Furthermore, we require that the norm 

\ Vp 



\ u \\LP(0,T;N 1 -P(n)) — [ I \\ u \\ P Ni-,p(n)dt ) 



is finite. Analogously, we define L p {0,T; N^ p (n)) and L p oc (0,T;N^ (O)). 
The space of compactly supported Lipschitz-continuous functions Lip c (£It) 
consists of functions u, suppu C Qt, for which there exists a positive con- 
stant Cup(u) such that 

\u(x,t) - u(y,s)\ < C Up {u){d(x,y) + \t- s\), 

whenever (x,t), (y,s) G Qy. The parabolic minimal p-weak upper gradient 
of a function u G L[' oc (ti, ^2! ^w(^)) is defined in a natural way by setting 

g u (x,t) = g u (. )t )(x), 

at ^-almost every (x,t) G O x (0, T). When ti depends on time, we refer to 
g u as the upper gradient of u. The next Lemma on taking limits of upper 
gradients will be used later in this paper. Here and throughout this paper 
we denote the time wise mollification of a function by 



f e (x,t) = J ( £ (s)f(x,t-s)ds, 

where ( e is the standard mollifier with support in (— e,e). 

Lemma 2.2. Let u G L p oc (0,T; N^ P (Q)). Then the following statements 
hold: 

(a) As s -> ; we have g u ( Xjt -s)-u(x,t) -> in L p oc (Q T ). 

(b) As e — > 0, we Ziaue g Us - u — > pointwise v-almost everywhere in &t 
and in L p oc {£It)- 

Proof. See Lemma 6.8 in [MS12j . □ 

The following density result concerning parabolic Newtonian spaces is 
often cited when working with parabolic quasiminimizers. Here we give a 
direct proof for 1 < p < 00. 

Lemma 2.3. Assume (X, d, p) is a complete doubling space supporting a 
(l,p)-Poincare inequality, where 1 < p < 00. Let <fi G L p (0, T; N Q (Q)). 
Then for every e > there exists a function cp G Lip{VLx) such that {ip 7^ 
0} CCflr and 

U - fhpio^NhP^)) < £, and u({(p + 0} \ {(f) ^ 0}) < e. 
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Proof. Assume <p is as in the claim, and let e > 0. The measure v is regular 
in Qt, and so there exists an open set Fell such that {(f) 7^ 0} C F and 
v(F \{4> ^ 0}) < e. For each t G (0,T), denote the open set F t = {x : 
(x,i) G -F}. Then for almost every i G (0,T) we have <f>(-,t) G JV 1,p (F t ). 
Since by assumption (X, d, p) is a complete doubling metric space which 
supports a (l,p)-Poincare inquality, it is a result of Shanmugalingam [ShaOl] 
that the space of compactly supported Lipschitz continuous functions is 
dense in Nq P . Hence for almost every t G (0, T) there exists a function 
V>(-,i) G Lip c (F t ) such that 



Since each ip{-,t) has compact support, is bounded and Lipschitz-continuous, 
we can see that |(0, T) \ E s \ -> as 5 -> 0. Since G L p (0, T; iV 1,p (fi)), this 
implies that we can fix 5 to be such that 



The fact that Kt is a compact subset of Ft implies that for each t G Eg the 
set Kt x {t} is a compact subset of F. This implies that for each t £ E$ there 
exists a positive constant < St < 5 such that B(x, St) x [£ — St, t + <5<] C F 
for every x G Kt. Denote then for every < p < S, 

E p = {t G Es : B(x, p) X [t- p,t + p] C F for every x G K t }. 
Then |^ \ E p \ — > as p — > 0, and so we can fix p < 5 to be such that 



(2.5) 



II0M) 



■0(-,*)IIati.p(o) < £■ 



Denote for each <5 > 





(2.7) 



ll^ll 



L p (Eg\E p ;N 1 >P(Q)) 



< e. 



Set 
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Now, from the way we constructed tp, it follows that for every (x, t) G {0 ^ 
0} we have B(x, p) x [t — p, t + p] C F, and so {ip ^ 0} is compactly contained 
in F. Hence there exists a compact set K such that for any < a < p, 
we also have {0 CT 7^ 0} C K CC F. Since for each t G (0,T) the function 
ip(-,t) is Lipschitz-continuous with Lipschitz constant 5 , we have for every 
x, y G n and t G (0, T) 

\ip a (x,t) - ip a (y,t)\ < / ( a (s)\ip(x,t - s) - ip(y,t - s)\ds < 8~ 1 d{x,y). 

J —a 

On the other hand, it is straightforward to show using the theory of molli- 
fiers, that since |0| < <5 _1 uniformly in Q,t, for a fixed < a < p the time 
derivative of tp a is uniformly bounded in fij\ Hence we have for every 
and h,t 2 e (0,T), 



\lpa(x,h) - 1p (T (x,t 2 )\ < 



dt 



\h-t 2 \. 



K 



This means that for every < a < p we have ip a G Lip(Q,T) and {0v 7^ 0} C 
K. Now, 

110 - V ; <7||LP(0,T;Ar 1 'P(fi)) 

(2.8) ^ ll^ ~ ^IUp(0,T;JV 1 .J'(n)) + IIV' - ^(J 11^(0,^1^(0)) 

1 

< Tp£ + 2£+ ||0 - CT || LP ( A") + \\9i,-i>ALP(K)- 

Treating ( a (s) ds as a unit measure, we have by Jensen's inequality, and 
Fubini's theorem 

\ip - ip a \ p dv < [ ( a {s) [ \ip{x,t) -rp(x,t - s)\ p duds. 

J -a JK 

Therefore, by continuity of translation for functions in L p (Qt), we see that 
the third term on the right hand side of (I2.8P tends to zero as a — > 0. 
Since for every t G (0, T) we have ip(-,t) G Lip c (il) uniformly with the same 
Lipschitz constant 5 , by the proof of Lemma 6.8 in [MS12| (note that in 
that proof, for Lipshitz- functions no density results are used), also the last 
term on the right hand side of (|2.8p tends to zero as a — )■ 0. Moreover, for 
every < a < p we have 

K«V 0} \ {0 + 0}) < v(F \ {0 + 0}) < e. 

Setting ip = ip a with a small enough a completes the proof. □ 

For the case 1 < p < 2, it is not obvious that convergence of the dense 
Lipshitz functions in the parabolic Newtonian space implies convergence also 
in L 2 {VLt)- In the following corollary we check that if the limit function is 
in L 2 (Qt), then this is the case. 

Corollary 2.4. Assume (X, d, p) is a complete doubling space supporting a 
(l,p)-Poincare inequality, where 1 < p < 00. Let G L P (Q, T; Nq P (Q)) R 



4>k(x,t) 
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L 2 (Qt)- For every e > there exists a function tp G Lip(Q,x) such that 
{(p ± 0} CC Ot and 

110 ~ ^IlL^o.Tyv 1 ^)) < £, 110 - ^Wl^Ut) < e> 
and u({ip ^ 0} \ {0 ^ 0}) < e. 

Proof. If p > 2, the claim is clearly true by Lemma [2. 3 1 and Holder's inequal- 
ity. So let 1 < p < 2, and Let 6 L p (0, T; ,/Vq' p (J1)) n L 2 (0 T ). Let e > 0. 
For each k, denote the cutoff function 

k, when (j)(x, t) > k 

4>(x,t), when — k < (ft(x,t) < k 
—k, when (ft(x,t) < —k. 

Then there exists a positive constant k such that 

By Lemma 12.31 there exists a sequence of compactly supported functions 
C Lip(J7j") such that 

||0fc - V 7 »HxP(Q,T;JVl.P(n T )) ->■ and KM / 0} \ {0fc / 0}) -> 

as i -> oo. Moreover, since cftk is bounded, we may assume the sequence tpi 
to be uniformly bounded by a positive constant m. We can now write 

110* - ViWhiflr) 

Pt\ 2 X{\4> k - Vl \>i}dv+ / \4>k -^Pi\ 2 X{\^ k - Vi \<\}dv 

<{k + mfv{{ n T : |0 fc - <fi\ > 1 }) + / - v?i[ p 



Since y?j converges to (ftk m L p (£It), the above tends to zero as i ^ oo. We 
have 

110 - tPi\\LP(p,T;Nl>P(q)) - n + 110* _ ¥>i||l>(0,T;jVl.P(fi))i 



and on the other hand 



e 

^i||L 2 (n T ) ^ 9 + 110* ~ ¥>i|lL 2 (fi T )- 



Moreover, we have 

HWi * 0} \ {0 ^ o}) = KM. # o} \ {0 fe + o}), 

and so taking ipi with a large enough i completes the proof. □ 

Remark 2.5. Notice that if is compactly supported in £It, then Lemma 
12.31 and Corollary 12.41 are also true with supp^ in place of {(ft ^ 0}, and 
respectively for the approximating functions. The proofs just have to be 
repeated after having replaced {(ft ^ 0} with supp0, respectively for each 
function. Hence we have that for G L p (0, T; Nq' p (Q)) n L 2 (VL T ) such that 



10 M. MASSON, M. MIRANDA JR., F. PARONETTO, AND M. PARVIAINEN 

supp0 CC Qt and e > 0, there exists a function ip € Lip(f2r) such that 
suppy? CC S7t, 

110 - VllLP(0,T;Afl.P(Q)) < £, 110 ~ HU 2 (n T ) < £, 

and ^(supp ip \ supp <fi) < e. 



2.7. Parabolic quasiminimizers. 

Definition 2.6. Let O be an open subset of X, u : Q x (0, T) — > K and 
K' > 1. Let 1 < p < oo. A function u belonging to the parabolic space 
-Moc(0> -^i -^loc (^)) * s a P ara bolic quasiminimizer if 

/ di/ + £(u, {0 / 0}) < K'E(u + 0, {0 ^ 0}), 

J{^0} 0,4 

for every <^> € Lip(f2-r) such that {4> ^ 0} CC Oy, where we denote 

£(u,A) = / F{x,t,g u )dv, 
J A 

and i 7 : x (0, T) x M — IR satisfies the following assumptions: 

(1) (x,t) i-> F(x,t,£) is measurable for every £, 

(2) £ i->- F(x,t,^) is continuous for almost every 

(3) there exist < c% < c 2 < oo such that for every £ and almost every 
(x, i), we have 

cii^i p <F(x,t,o < C2 ier. 

As a consequence of the above, a parabolic quasiminimizer u satisfies 
(2.9) a[ u ^dv+ [ g v u dv<K [ g p u+(f) du, 

with K = C2C^ l K' > 1 and a = c^ 1 , for every 4> € Lip(r2y) such that 
{(f> ^ 0} CC f2. There is a subtle difficulty in proving an energy estimate 
for parabolic quasiminimizers: one often needs a test function depending 
on u itself, but u is a priori not necessarily in Lip(fiT) nor has compact 
support. We treat this difficulty in the following manner. Consider a test 
function <p £ Lip (fir) with compact support. Plugging in the test function 
(f>(x,t + s) and conducting a change of variable in (|2.9h . we see that there 
exists a constant e > such that for every — e < s < e, 

a I u ( x > t ~ s )^ d,y + f 9 V u (x,t-s) dv<K I g P a{x ,t-s)+<t> dv - 

Let now Ce( s ) be a standard mollifier whose support is contained in (— e, e). 
We multiply the above inequality with Ce( s ) an d integrate on both sides 
with respect to s, use Fubini's theorem to change the order of integration, 
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and lastly use partial integration for the first term on the left hand side, to 
obtain 



(2.10) -a f ^<f>dv+ f (s£) e du<K f (g P u{x ^ s)+4 , 



civ, 



for every compactly supported <f> G Lip(Oy). In the next section, we will 
derive the energy estimates starting from this last expression. We end this 
section by showing the following equivalence concerning the class of admis- 
sible test functions. 

Lemma 2.7. Assume (X,d,fi) is a complete doubling space supporting a 
(l,p)-Poincare inequality, where 1 < p < oo. Assume u G L^ oc (0, T; (Q)) 
is a parabolic quasiminimizer. Then inequality (|2,10p holds for every (J) £ 
Lip(Oy), such that {<p ^ 0} CC VLt, if and only if it holds for every 
G D>(0, T; N 1 * (fi)) n L 2 (0 T ) swc/i that {0 ^ 0} CC fi T . 

Proof. Only the other direction needs a proof. Assume (I2.10P holds for every 
compactly supported 4> G Lip(J2r). Let ip G L p (0, T; 7V 1,p (fi)) n L 2 (Q T ) be 
such that {ip ^ 0} CC Oy. Let e > 0. Let (f) be a function in Lip(Qr). By 
adding and substracting, and using Holder's inquality, we can write the left 
hand side of (12. lOh as 




a 

■ if \^-<j>\ 2 dX-(f 

~ a I ~S L( t >du+ f (9 P u) £ dv. 
J{<&0} Ot J {4> -t 0} 

On the other hand, using Minkowski's inequality we can write 



(g P u{x ^ s)+4 ) dv<\U {g u{x , t -s)+ip + 9^-<t>7 dv 

{0^0} v \y\j{.H^s 

v \* \( f v V 

9u( x ,t-s)+ib \ 9u(x,t-s)+ib 

W0}\{^0} ( ' ' v \J{^0} ( nv 






9^-4, dv 

{<&<>} 

Since the above two expressions and inequality (|2.10p hold for every com- 
pactly supported <p G Lip(Jly), by Corollary I2.4I we can take a sequence 
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((j>i)i C Lip(Sl^) such that 

- (l>i\\Lr(0,T;Ni<P(Ci)) ->• °> 11^ - <^IIl 2 (Q t ) -> 

and v({<pi £ 0} \ {rp ? 0}) -> 0, 

as i — > oo. Hence we see that inequality (|2,10p holds for ip, with the same 
constant K. □ 



3. Estimates 

From now on we assume that p = 2, and that u G L 2 oc (0,T; iVj '~ (^)) is a 
parabolic ET-quasiminimizer. In this section we deduce from the definition 
of parabolic quasiminimizers a fundamental energy estimate for u. From 
this energy estimate we obtain a Caccioppoli inequality by the so called hole 
filling iteration. By combining the Caccioppoli inequality, a parabolic ver- 
sion of Poincare's inequality derived from the fundamental energy estimate, 
and Sobolev's inequality, we obtain a reverse Holder inequality for g u . Since 
p = 2, no difficulties arise when combining the estimates together in prov- 
ing the reverse Holder inequality. Higher integrability then follows from the 
reverse Holder inequality by a modification of Gehring's famous lemma. 

We begin by establishing a fundamental energy estimate by choosing a 
suitable test function in the definition of parabolic quasiminimizers. 

Lemma 3.1 (Fundamental energy estimate). There exists a positive con- 
stant c = c(K), such that for every Q p = B p (xq) x A p (to), p < a such that 
Q a C Qt, we have 



ess sup / | it — u a (t)\ 2 dp + / g 2 dv 
teAp Jb p Jq p 

<c[ 2 dv I C ^ Ba ^ f 

J(QAQp) U ( a ~ P) 2 ^ B p) JQo 



\u — u a (t)\ 2 dv. 



Proof. Assume Q p = B p (x ) x A p (t ), and p < a are such that B (T (xq) C fl 
and A p C (0,T). Let t' G A p (t ). Define 



Xhit) = { 



0, t>t' 
t -^, t'-h<t<t', 

1. t<t' -h. 
\ 1 — 



Let (pi G N ,2 (B a ), < <pi < 1, be such that (pi = 1 in B p {xq), sptc^i is a 
compact subset of B a (x a ), and 



9 c 

sL < 



^- {a- P r 
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Define then tp% E Lip(0, T) such that < 922 < 1 and \d(f2/dt\ < c(a — p)~ 2 , 
by setting 



1, i > t - ^ 



2 ' 



- , /-- > '..+g 2 +„ _ si ^ f ^ f„ _ p 2 

2 



— > to — ^ < t < to — 



Set now (p(x,t) = ipi(x)ip2(t). For a function f(x,t), define for every t £ 
(0,T) 

S B<T V{x,t)dn $ Ba < Pi( x ) d l 1 

where when t A CT (£o) we use the right hand side expression as the definition. 
Choose 4> = ^(ue — (ue)a)Xh- Since u is a parabolic quasiminimizer and 
4> £ £ 2 (0, T; N l,2 {Q)) is compactly supported, by Lemma [2771 we can insert 
as a test function into inequality ()2.10j) and examine the resulting terms. 
In the first term on the left hand side, after performing partial integration, 
we add and subtract {u £ )t (deft / dt) to obtain 



(3.2) ^ u*-£dv = ^ (u £ -{u e )t(t))-^dv + ^ ( Ue )t(t)-^dv. 

Integrating by parts and using the definition of (u £ )„(t), we see that the last 
term on the right hand side vanishes 



{ Ue )t{t)-£dv 

(«LW) / u e ipdn }xh(t)dt = 0. 



to-- 2 



Then we integrate the first term on the right side of (|3.2p by parts, and so 
we obtain for every h small enough 



L 



u e^7 dv = \ f (Ue~ {u e Z(t)) 2 ^- (tp X h) dv 



n T dt 2j n ^ " ^ " dt 



1 

2h 



t' 

u £ (x,t) - (u £ )V(t)\ 2 ipd^dt 

t'-h J B(j 



\ I (u £ -(u £ r a (t)) 2 Xh ^dv. 



14 M. MASSON, M. MIRANDA JR., F. PARONETTO, AND M. PARVIAINEN 



Now, letting first e — >■ and then h — > 0, we obtain 



lim inf / u £ — dz/ 



> 



> 



\u(x, t') — u%(t')\ 2 ip(x, t') dp — — 



\u(x, t') — v%(t') | 2 <p(x, t') dp 



{u-ut(t)f 



1 



dtp 



dv 



at 

{u - u%(t)f dv. 



(a - pf 

On the right hand side of inequality (|2.1U|) . we note that for every h, e > 
small enough, in the set {4> ^ 0} we have 

{9u{-,—s)- v {u e -{u e )t)xf) e < c(g^ ,_ s y u ) £ + C9u-<p(u-ut) 
+ cgl {u _ ut) {l - Xh? + cgl({u e )t - utfxl 
+ c(u - Uefg^Xh + C( P 2 gl-u E Xh- 

By Lemma E2J we know that g 2 _ Us ~~ an d g^r. — > in L\ oc (Q,t) as 
e — > 0. Also, by (|3.ip we have for every small enough e 



Wo} 



« - (u £ )£) 2 di/ < //(O) / , «(t) - K) £ (t)) 2 dt 



to-' 



< /u(O) 



|<(t)-<(t- a )| 2 



— e Jta— 



and therefore the fact that u„ 6 £ 2 (0, T) implies by the continuity of trans- 
lation, that the above expression tends to zero as e — > 0. We obtain 



lim sup 



9 u {-,—s)-<t> 



dv < c / q 2 / ^ dn (it. 



e,h->0 J{<p^0} 

Next we note that since u§ does not depend on x, and hence its upper 
gradient vanishes, we can write, after noting that <p = 1 in Q p , 

/ gl-^u-u^dv <c \l-tp\ 2 gldv + c \u - u%(t)\ 2 : g 2 dv 

\u-v%{t)\ 2 dv. 



< c 



2 , C 

9u dv + 



{a - pf 



Since t' was assumed to be arbitrary in A p (to) and the constants in the 
estimates are independent of t', combining the above expressions through 
(|2,10|) . and remembering the definition of <p, leads us to the estimate 

ess sup / \u — u^(t)\ 2 dp + / g 2 dv 
teA p JB P JQp 

<cf g 2 u dv+ ° [ \u-ut(t)\ 2 dv, 



LOCAL HIGHER INTEGRABILITY OF PARABOLIC QUASIMINIMIZERS 15 

where c = c(K). We complete the proof by noting that for any t £ (0, T), 
we have 

u — Ucr(t)\ 2 dp 

Bo 

<2 I \u - u%(t)\ 2 dp + 2 J (J- \v%{t) - u\ 2 dp) dp 

J Bp J Bp \J B a / 

<4 / \u - v%{t)\ 2 dp. 



On the other hand, by the triangle inequality and by Jensen's inequality, 
and since cpi = 1 in B p , 

/ \u-v%(t)\ 2 dp < 2 / \u - ^(t^ 2 dp 

J B a J Brr 

+ 2 ( / (fidfi) / \u a (t) - u\ 2 ipi dp) dp 

JB a \ \JB a J J Bo- J 

<4§4/ \u- Ua (t)\ 2 d». 

P\ B p) JB a 

□ 

Having obtained the energy estimate, we use the so called hole filling 
iteration [Wid71] to extract a Caccioppoli inequality from it. 

Lemma 3.2 (Caccioppoli). There exists a positive constant c = c(c„, K) so 
that for any Q p = B p (xq) x A. p (to) such that Qi p C £It, we have 



I §ldv<-^ \u-u 2p {t)\ 2 dv. 
JQo P JQ20 



Proof. By Lemma 13.11 for any cylinder Q p = B p (x ) x A p (i ) such that 
Q2p C Qt, we have for any p < a < 2p, 



esssup / \u — u a (t)\ 2 dp, + I g 2 du 

teA p JB P JQp 



< c j g 2 dv+ _ \ ^[ I \U-U a (t)\ 2 du 



g* d V+ C 

where c = c(K). We add c Jq g 2 du to both sides of the expression, and 
divide by 1 + c, to obtain 



g'idv<——l gldu+ ° xa TTir^ / \u - u a (t)\ z dv. 

1 + c JQa (! + c)(o- - pY p{B p ) J Qa 



'Q P 

Then we choose 

Po = P, Pi ~ Pi-i = z -z sl l p, i = l,2,...,k, f3' z = ^-[—— + l 

p 2 V 1 + c 



1 - P ai _ , , „ , Q 2 1 ( C 
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replace p by pi-\ and a by pi, and iterate, to have 



otdv < ( ) I g 2 u di> 



Q 



k 



Here among other things pi < 2pj_i for every i, and so by the doubling 
property of p, the ratio p(B Pi )/ p(B Pi _ 1 ) is uniformly bounded. Also, for 
each i we can estimate after using Fubini's theorem, 



/ \u-u Pi {t)\ 2d v < 2 / \u-u 2p {t)\ 2 dv + 2 f / |«2 p (t) 
■J Qm JQ2 P JQ'2 P JB Pi 

2 



u\ 2 dv 



<2c \u — U2 P (t)\ dv, 

JQlp 

where c = c(c^). Hence, taking the limit — > oo yields the estimate 

/ §ldv<-^ \u - u 2p (t)\ 2 dv, 
JQp P JQ2 P 

where c = c{c p ,K). □ 

Now we combine the Caccioppoli inequality, the fundamental energy es- 
timate, Poincare's inequality and Sobolev's inequality together to prove a 
reverse Holder inequality type estimate for the upper gradient of u. 

Lemma 3.3 (Reverse Holder inequality). There exists a positive constant 
c = c(c M , cp, A, K), and a 1 < q < 2, so that for any Q p = B p {xq) x A. p {to), 
such that Q2\ P C , we have 



i g 2 u dv<ec + g 2 u dv + 2e 1 c I 1 g q u dv 



Q2\p \JQ2\p 

Proof. By the Caccioppoli Lemma 13.21 by the doubling property of p and 
since v(Q p ) = p 2 p(B p ), we obtain 

f g\dv<^ l \ f \u - U2 P \ 2 dpdt, 
JQp P J A„ Jb 2p 
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where c = c(c M , cp, K). On the other hand we can write 

—t t \u - U2 P \ 2 dfxdt < I -^r ess sup-/ \u - u 2p \ 2 dp\ 

P JK P JB^ P \P teA p J Bp J 

• -7T / ( —~ T \u-U2p\ 2 dfi) dt 
P 2 J A p \P 2 Jb 2p J 

< t gldv + c± g 2 u du\ + g«dv, 

{jQ2p J Ql\p ) J Ql\p 

were we used the fundamental energy estimate Lemma 13.11 and the (2, 2)- 
Poincare inequality (see Remark 12. ID for the former term and the Sobolev 
type (2, g)-Poincare inequality for the latter term. By the e- Young inequality 
we now obtain for every positive e 



/ g\dv <sc-f gldv + e 1 c( -f g q a dv\ , 

JQp JQ2Xp \JQ2Xp J 

where c = c(c p ,cp, A, K). □ 

4. Establishing higher integrability 

Having established a reverse Holder inequality for u, the remaining part 
of proving local higher integrability for the upper gradient of u is abstract 
in nature, and does not make additional use of the assumption that u is a 
quasiminimizer. We use the following modification of Gehring's lemma. 

Theorem 4.1. Let g G L 2 0C (Qt) be a non negative measurable functions 
defined in Qt- Let s be the constant from (|2.ip and let q be such that 
2s/ (2 + s) < q < 2. Consider a parabolic cylinder Q2r{zq) C Q-t- Suppose 
that there exists a positive constant A > 1, for which with any z' = (x',t') 
and p such that Qap(z') C Qt,r{zq), we have 

( \ 2 l q 

(4.1) I g 2 dv<el g 2 dv + jl-f g q dv\ , 

JQp(z') JQap(z') \JQap(z') J 

for any e > 0, where 7 may depend on e. Then there exists positive constants 
£0 = £o(c/i, A, 7, q) and c = c(c M , A, 7) such that 




g 2+£ dv) <c\-f g 2 du\ 
Oo) / \Jq2r(zo) J 



for every < e < Eq ■ 

Proof. Assume a parabolic cylinder Q2R with center point zq = (xo,to) such 
that Q2r(zq) C Qt- Define for every z\ = (^1,^2), Z2 = (2:2, £2) £ X x R 
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the parabolic distance 

dist p (zi, Z2) = d(xi,x 2 ) + \h - *2 [ 1,/2 - 

Using this, set for every z E Q2R the functions 

r(z) = dist p (z,(X xR)\Q 2R ), 

, \ v{Q 2R ) 
a z = ~77i T^T- 

From the definition of r(z) it can readily be checked that Q r { z ){ z ) C Q2R 
for every z € Q2R- For z € Q2R, define 

h{z)=a- 1 l 2 {z)g{z), 

and for every f3 > 0, set 

G(p) = { z G Q 2R n n T : h(z)>f3}. 

Denote 

1/2 



A) 



Assume f3 > For i^-almost every z' £ G{(3), we have for every 
r£[r(z')/(5i),r(z')], 

(4.2) I g 2 dv<a(z')l g 2 dv <a(z')f3 2 , 
jQ r (z')nn T JQir 

and by the definition of G(f3), since fi is a positive Borel measure, 

(4.3) lim ■/ 5 2 di/ = g 2 (z') > a(z')/3 2 - 

Now (14. 2p and (14. 3p imply that for i/-almost every 2/ £ G(/3), there exists a 
corresponding radius p(z') € (0, r(z')/(5A)), for which it holds 



(4.4) 



/ 9 2 dv < a(z')(3 2 < I g 2 dv. 



Thus by choosing e = 1/2 in (|4.ip . we can absorb the first term on the right 
hand side of (|4.ip into the left hand side and obtain 

/ Q 2 dv< Ic-f g q du) , 

for z^-almost every z' £ G(f3), where c = 0(7). This together with (14.41) yields 

(4-5) / g 2 dv<\cl g q dv\ , 

Jq 5 a P ( Z >)(z') V Jqa p( z>){z<) J 
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where c = c(A,c^,j). From the definitions of a parabolic cylinder and the 
parabolic distance, it follows that 

2- 1/2 r(z') < r(z) < 2r(V) for every z G Q r ^(z'), z' G Q 2R . 

From this it is straightforward to check that 

O { f[f z ^rO Z ?[ Z Pz) for every z e «r ( y)(*0, e Q2R, 

and so by the doubling property of the measure there exists positive con- 
stants c = c(c^), c' = c'(c M ) such that 

(4.6) ca(z') < a{z) < c'a(z) for every z £ Q r (V)(V); € 

Because of this, we see from (|4.5|) that there exists a positive constant c = 
c(A, (^,7), such that for ^-almost every 2/ G G(/3), after also using the fact 
that a(z) > 1, 

2/9 

(4.7) 



/ h 2 du< I I h q du\ 



On the other hand, by Holder's inequality since 1 < q < 2, and then by 
L"6l). we obtain from 



/ \(2-«)/« / \(2-g)/2 

(4.8) i frfld!/] < i /j 2 ^ <c/3 2 " 9 , 

where c = c(c^). Assume now any 5 > 0. By (|4.7p and by the definition of 
G(5f3), we have for i/-almost every z' G G{j3), 

I h 2 dv < c5 2 p 2 + C / fc'di/l . 

J Qsa p(z '){z') \^{QAp(z'){Z )) jQ Ap(z/) (z')nG(8l3) J 

By (|4.6p and (|4.4p . we can now choose a small enough positive number 
6(0^, A, 7) < 1 to absorb the first term on the right hand side into the left 
hand side. We obtain a positive c = c(A, 0^,7), such that for i^-almost every 
z' G G(/3) and any (3 > (3 , after using (|4.8p . 

(4.9) / ^ < /3 2 ' g , n C 7 / ^ ^. 

The collection { Qap(z')( z> ) '■ z> G ^(/O } is now an open cover of G(/3). 
By the Vitali covering lemma, there exists a countable and pairwise disjoint 
subcollection { Q Ap{z')( z 'i) '■ z \ 6 C(/3) such that 

00 

G(P)c(jQ 5Ap{zl) (z! i )cQ 2R . 
1=1 

The last inclusion follows from the fact that 5Ap(z) < r(z). This prop- 
erty is the reason why we introduced the number 5 into the proof earlier. 
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Now we can write for any f3 > (3q, after multiplying inequality (14. 9p with 
v{Qa p (z'){ z ')) an d using the doubling property of /i, 



(4.10) 



h 2 dv 



/ h 2 du<y^ 

JG(ff) ~y JQ 

OO „ „ 

V cl3 2 ' q / h q dv < cfi 2 - q \ 

i= i J Q AP u)^G{m Jg 



< > cl3 2 - q I h q dv< c0 2 - q I h q dv. 

Ap(z'.)^i)' '<-h u ^> »G(sp) 

From now on the higher integrability result is a consequence of (|4.10p and 
Fubini's theorem. To see this, we integrate over G(Po) and use Fubini's 
theorem to obtain 

h 2+e dv= I ( [ ep 6 - 1 dp + (/3 ) £ ) h 2 dv 

OO [• f 

'E— 1 / f,2 i in \e I l2 



e^" 1 / h 2 dvdp+(p ) £ h 2 dv, 



and now by ()4.10p 



oo r poo 

£-1 



e^ 1 / hr dud/3 <c ep £+i - q / h q dvd{3. 

G(/3) Jf3 JG(&P) 



By Fubini's theorem again, we see that 



oo 

ef3 e+1 ~ q I h q dv dp +p £ Q I h 2 dv 
Jam Jg(M 

I ( [ 1 (3 e - 1+2 - q dp] h q dv + p £ I h 2 dv 

Jg(S/3 ) \Jp J JGffio) 

h e+2 dv + p £ [ h 2 dv, 



- S2+e-q( £ + 2 - q ) 

where c = c(A, c M ,7). Observe that in the last step we also used the fact 
that h £+2 < Pyh 2 in G(SPq) \ G(Po). We can now choose a positive e = 
e(c p , A,^f,q) small enough to absorb the term containing h 2+£ into the left 
hand side of ()4.10p . and conclude that 



(4.11) / h 2+£ dv < c{p f h 2 dv, 
JG(Po) JG(5f3 ) 

where c = (c„, A, 7). In case the term containing h 2+£ is infinite, we replace 
h by hf. = min{/i, k} where k > p. Starting from (|4.10p we estimate that 

(4.12) I h 2 k - q dC < cP 2 - q [ d(. 

J{h k >l3} J{h k >6p} 
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where dC, = h q du. Performing now as above the calculations involving Fu- 
bini's theorem yields 

/ h^-i dC<ec[ h 2 ^ dC + PI [ hl« dC 

J{h k >p } J{hk>M J{h k >8M 

Now we can absorb the term containing h 2+6 ~ q into the left hand side side, 
and finally let k — > oo to obtain (|4.1ip . 

Finally, from the definitions of the parabolic distance and the parabolic 
cylinder, it is again straighforward to check that Qr C Qi r (z){ z ) f° r every 
z G Qr. Hence, by the doubling property of the measure, 

a{z) < ——— — -— < ci, for every z G Q R , 

5A 

where c\ = c\{c^,A) > 0. On the other hand, clearly a{z) > 1 for every 
z G Q2R- Now (|4.1ip and the definition of (3q imply that 

g 2+£ du < I (/3 ) £ / h 2 du + [ h 2+£ du ] 

V Jqr\g(/3 ) Jg(m J 



2 I : 
2 



where c = 0(0^,^4,7) > 0. From this expression the proof can readily be 
completed. □ 

We conclude this paper by stating and proving the main result and a 
corollary. 

Theorem 4.2 (Local higher integrability) . Let u G L 2 OC (0, T; N^ 2 (fl)) be 
a parabolic K -quasiminimizer. Then there exists positive constants e = 
e(c^,cp, X) and c = c(c^, cp, A, K), so that for every zq and R such that 
Q2r(zq) C Qt, we have 

/ s 1 1 

2+e I,- \ 2 



/ 9 2 u +e du) <cl-f gldn 
JQr(z) I \JQ 



'Q2r(z) 



Proof. Let z and R be such that Q2R,(z) C Qt- By Lemma [3731 there exists 
a constant c = c(c^,cp, A, K), and a 1 < q < 2, such that 



/ 9 2 u dv<ecl gldv + 2e 1 cl-f g^du) . 

JQ P JQixp \JQ2Xp ) 

Theorem 14.11 with A = 2 A now completes the proof. □ 
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Corollary 4.3. Let u G tf oc (0, T; JV£T(fi)) be a parabolic K - quasimimmizer. 
Then there exists a positive constant e = e(c^, cp, X), such that for any com- 
pact F C £It, we have 



i 

g 2 u +£ du) +E < oo. 

F 



Proof. Since F is compact, there exists a finite collection of points z% € F 
and parabolic cylinders Qn i {zi) such that Q2Ri{zi) C fir and 

n 
8=1 

By Theorem 14.21 we have 



/ g 2 u +£ dv< max <?« +£ ^ 
< c max V] f I : ^ • 



□ 
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